Accelerated expansion in the effective field theory of a radiation
  dominated universe by Balthazar, Bruno & Ferreira, Pedro G.
Accelerated expansion in the effective field theory of a radiation dominated universe
Bruno Balthazar1, ∗ and Pedro G. Ferreira1, †
1Astrophysics, University of Oxford, DWB, Keble Road, Oxford OX1 3RH, UK
(Dated: Received September 4, 2018; published – 00, 0000)
We construct the effective field theory of a perfect fluid in the early universe. Focusing on the
case where the fluid has the equation of state of radiation, we show that it may lead to corrections to
the background dynamics that can dominate over those of an effective field theory of gravity alone.
We describe the periods of accelerated expansion, in the form of inflationary and bounce solutions,
that arise in the background dynamics and discuss their regime of validity within EFT.
An useful tool for modelling physical processes at a
well defined energy scale is Effective Field Theory (EFT)
[1]. The idea is to choose an energy scale, E, and assume
that we know all the degrees of freedom and associated
symmetries at that scale and which are approximately
valid up to a higher energy scale, M . That new, higher
energy scale, marks the onset of new physics - new de-
grees of freedom or symmetries. One then constructs an
action (or a “phenomenological lagrangian” [1]) which
contains all local operators in the local degrees of free-
dom, suitably weighted by inverse powers of M [2]. This
action should be completely predictive at energies E with
errors easily quantifiable [3–5].
EFT is ideal for understanding some stages of the early
Universe. It has been used, with resounding success, to
systematise cosmological perturbations during the infla-
tionary regime [6–18], and is becoming standard practice
in interpreting some aspects of cosmological data [19]. It
has also been used in other stages of cosmological evo-
lution, such as cosmological acceleration and dark en-
ergy models [20–25], and more recently in modelling large
scale structure [26–29].
In this letter we use EFT to understand the dynam-
ics of the early universe by assuming that we can char-
acterise all the relevant degrees of freedom as a perfect
fluid. We use the symmetries of relativistic fluid dynam-
ics to build a self consistent, complete action which we
can then study in detail. We find that the fluid will gen-
erate some novel behaviour that may be of cosmological
significance. Throughout this paper we will use the con-
vention ~ = c = kB = 1.
At early times, the Universe is a mess of interacting
particles and fields. In principle, the physics of the ma-
terial content of the early Universe should be complex. In
practice, and despite these intrinsic problems, its overall
nature is roughly that of a perfect fluid. To understand
why this is so, we assume that the Universe is, in general,
in thermal equilibrium in the early universe for energies
lower (but almost up to) the Planck scale (we know this
may not strictly be true above temperatures of T ' 1014
GeV from QCD alone [30]). Furthermore we assume, that
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FIG. 1. Plot of solutions of equation (7): ‘EFT - A’, equation
(9): ‘EFT - B’, and of the classical FRW solution: ‘FRW’,
where we have set MP = ρ0 = M = 1 and A = B = 0.05 for
clarity (this rescaling does not satisfy ρ0 M4P or M MP ,
however this will not change the behaviour of the solution
but only make this new behaviour more evident). The time
scale corresponds to one Hubble time (1/H0) in the rescaled
units, and the scale for a corresponds to a(1/H0). Note that
at late times all solutions approach the classical solution for
a radiation dominated Universe.
there was no mechanism to inject energy and thermalise
the Universe up to that scale.
We can then define the mean inter particle separation
λ ∼ n−1/3, where n is the number density and the Hubble
scale (or particle horizon) of the Universe is L ∼ H−1.
Consider now the regime where L/λ  1 and take a
hyper surface for fixed time t = t0 (which is uniquely
defined in the FRW cosmology by the requirements of
homogeneity and isotropy). Now choose a volume ele-
ment with linear scale D such that λ D  L – let us
call this element a (total) fluid parcel. Inside such an el-
ement we may still find many different types of particles,
all interacting with each other. Dividing the Universe
into fluid parcels we can follow each parcel to a new hy-
per surface at t = t0 + δt: from equilibrium, isotropy and
homogeneity, we have that the entropy and the average
number of each particle species of each fluid parcel re-
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2mains the same. The same argument follows through,
after equilibration, when a new type of particle ‘joins’
the fluid.
It is clear that we are describing the fluid parcels not
based on what type of particles it contains, but by argu-
ing that the fluid will be in equilibrium and furthermore
the entropy of each fluid parcel will be conserved. This
means that, since all interacting degrees of freedom are
present, this fluid is incompressible, as deformations in
the fluid volume element could not be dissipated by any
other mechanism. As such, the effective theory for a per-
fect fluid should hold, where we now consider worldlines
for the fluid parcels, and to each we assign a current, such
as the entropy current Jµ, as this will be conserved along
the worldline. Furthermore, the equation of state for the
fluid, w ≡ P/ρ plays a crucial role.
Naturally, this rationale breaks down near decoupling
energies, since the decoupling particles could take away
some of the entropy and energy, and hence effectively
dissipate it. Furthermore, any injection of energy, such as
reheating after an inflationary period, will also affect our
arguments. Finally, the fluid approximation will break
down at the energy scale where new physics could appear.
Consider a perfect fluid in 3+1 dimensions (see [31–
38] but also [39, 40]). The low-energy degrees of freedom
can be chosen to be three scalar fields, φI = φI(~x, t)
(where I = 1, 2, 3) which correspond to the comoving
(Lagrangian) coordinates of the volume element occu-
pying physical (Eulerian) position ~x at time t. We can
choose to align the comoving coordinates with the phys-
ical coordinates at a given time t = t0 when the fluid
is in equilibrium, so that φI = xI . With this choice of
field variables, the fluid’s dynamics must be symmetric
under diffeomorphisms ζI : φI → φ′I that preserve the
volume (incompressible fluid), i.e. φI → ζI(φJ) where
det
(
∂ζI
∂φJ
)
= 1. Note that this includes invariance under
translations and rotations. In addition, the equations of
motion must also be invariant under diffeomorphisms of
the space-time coordinates, which means that any tensors
appearing in the Lagrangian must be fully contracted.
We now look for the most general relativistic La-
grangian that is invariant under these symmetries. At
lowest order, we should have one derivative per field, be-
cause of invariance under translations: L(0)m = L(0)m (∂φ)
Because of invariance under volume preserving diffeomor-
phisms, the ∂φI should enter the Lagrangian in the com-
bination Jµνλ ≡ IJK∂µφI∂νφJ∂λφK where IJK is the
Levi-Cevita tensor in the matter space, 123 = 1. This
three-tensor does not have a simple physical interpreta-
tion, but its dual, Jµ ≡ εµνρσJνρσ, is a vector field along
which the conservation laws, Jµ∂µφ
I = 0 and ∇µJµ = 0
are both satisfied. Thus it is natural to define the fluid’s
four-velocity as a unit vector aligned, Uµ = 1bJ
µ, where
b ≡√JµJµ.
From a geometric point of view, Jµ is the current of
fluid points which is aligned with the fluid’s four velocity
and is conserved. We identify it thus with the entropy
current, and b with the entropy density. We will work
with the entropy density since like the energy density
it should be a conserved quantity even for a mixture of
(weakly or strongly) interacting fluids (in the absence of
dissipation). Thus, it is the relevant degree of freedom
to be used in the EFT construction.
Consider now the action S(0) = ∫ d4x√g[M2P2 R +
L(0)m (b)] where R is the Ricci scalar and Lm is the fluid La-
grangians. It is then straightforward to find the energy-
momentum tensor
T (0)µν = −b
dL(0)m (b)
db
UµUν −
(
L(0)m (b)− b
dL(0)m (b)
db
)
gµν
(1)
This stress-energy tensor has the form of a perfect fluid
with density ρ, pressure P and equation of state w when
ρ = −L(0)m (b), P = L(0)m (b) − b(dL(0)m (b)/db). That is,
we have L(0)m = αb1+w with b = (−ρ/α)
1
1+w where α is
a constant, i.e. Lm(b) = −ρ. Note that, since L(0)m (b) is
invariant under translations, we have∇µTµν = 0. For the
choice w = 1/3 we have the action for general relativity
in the presence of radiation.
Let us now proceed to construct ∆S =∫
d4x
√
g[∆L(gαβ , b)] which consists of higher order
terms involving Jµ, covariant derivatives, and the Rie-
mann tensor (and the related Ricci tensor and scalar).
The terms involving only gravity (and no coupling to
matter) are found to be [3, 41, 42]
c1R
2 + c2RµνR
µν (2)
The terms involving only one entropy current Jµ are
d1
M2
Jµ∇µR+ d2
M2
∇µJνRµν (3)
since there are no terms in the EFT for the fluid only
with a single Jµ [33]. The first term can be integrated
by parts to zero. There are more terms we can write with
2 entropy currents, namely
f1
M2
b2 +
e1
M4
JµJνRµν +
e2
M4
JµJµR+
+
e3
M4
∇µJν∇νJµ + e4
M4
∇µJν∇µJν (4)
Of course not all terms have the same suppression
power in the cutoff, and so we would expect some of these
terms to dominate before others. The reason for keeping
all of them however is that they have different origin: the
terms in (2) come from the EFT for gravity only, those in
(3) are the lowest order in the EFT for matter and grav-
ity, but as we will see later they give a zero contribution
to the equations of motion in a homogeneous isotropic
Universe, so that in this case it is actually the terms in
(4) that are the lowest order terms in the EFT for gravity
and matter. Note that the term with coefficient f1 in (4)
actually comes from the EFT for matter only, which is
why we keep the remaining terms with coefficients ei.
3Thus, the action for the full effective field theory for gravity with a fluid with an equation of state w is S =
S(0) + ∆S where
√
g∆L(gµν , Jµ) = √g
[
c1R
2 + c2RµνR
µν +
d2
M2
∇µJνRµν + f1
M2
b2 +
e1
M4
JµJνRµν+
+
e2
M4
JµJµR+
e3
M4
∇µJν∇νJµ + e4
M4
∇µJν∇µJν
]
. (5)
Varying S and choosing w = 1/3 we are now in a
position to study the evolution of the Universe gov-
erned by the EFT of gravity in the presence of radiation.
For a flat, homogeneous and isotropic Universe we have
gµν = diag[1,−a2(t),−a2(t),−a2(t)] and hence the only
variable is the scale factor, a(t). We normalise UµUµ = 1
to obtain Jµ = (b, 0, 0, 0) in suitable coordinates and find
the modified FRW equation
3M2P
(
a˙
a
)2
= ρ−A ρ
6
4
M2
−B ρ
6
4
M4
(
a˙
a
)2
+
+ C
[
−2
...
a
a
a˙
a
− 2 a¨
a
(
a˙
a
)2
+
(
a¨
a
)2
+ 3
(
a˙
a
)4]
(6)
where A = f1/ (−α)
6
4 , B = 6(2e1 − 5e2 − 2e3 −
2e4)/ (−α) 64 and C = 12 (3c1 + c2) are all constants, and
we have set the contribution of the cosmological constant
to zero in the early universe. Note that from the conser-
vation equation ∇µJµ = 0, and the fact that we chose
to start with a radiation fluid, i.e. ρ ∼ b 43 , leads us to
ρ = ρ0/a
4, where ρ0 a constant. Thus, the higher order,
fluid, corrections are functions of ρ and the resulting en-
ergy momentum tensor is not that of a perfect radiation
fluid. Alternatively, if one uses Eq. 1 to define the new,
effective, energy density and pressure of the fluid, one
can describe it in terms of a perfect fluid with a time de-
pendent effective equation of state, weff(a) 6= 1/3. This
point should be emphasised: the ρ in (6) is not what one
would usually call the energy density of the fluid, after
the higher order corrections are included. It is defined as
the quantity −αb 43 , which agrees with the energy density
of a radiation fluid at lowest order.
Before we explore the possible solutions it is important
to make a few comments on the allowed solutions in an
EFT. The first important thing to note is that, because
this is the truncation of an infinite expansion, we are
implicitly assuming that the terms in (5) dominate the
higher order terms. The second important point is that
we have a cutoff in the EFT, given by the mass M . This
means that the solutions we obtain must have character-
istic times τ  1/M (see [43] for a clear discussion of this
point). This will usually be related to the first point, i.e.
demanding that higher order terms are suppressed. Fi-
nally, we will want to recover the classical FRW solution
of a radiation dominated Universe at late times.
We now study the effect of each correction term while
setting the others to zero.
Case A 6= 0: the evolution equation reduces to
3M2P
(
a˙
a
)2
= ρ−A ρ
6
4
M2
(7)
and plot of the solution for A > 0 is shown in figure 1,
while for A < 0 no interesting new dynamics is found.
Defining the conformal time via dt = adη we can easily
find an analytic solution of the form a =
√
η2 + a2B
where aB and  are constants. We can see clearly that the
Universe undergoes a bounce, and the minimum value of
a is given by aB = (A
2ρ0)
1
4 /M with positive acceleration
given by a¨B = (M
4/3A2M2P )aB . We also find that a¨ = 0
at a1 =
√
2aB at which time the Hubble constant is given
by H21 = M
4/(24A2M2P )
We must now check if this solution falls in the regime
of validity of the EFT we are considering. Consider the
term of the form λρ3/M8 with λ a constant, i.e. which is
a next order term in the EFT for the perfect fluid. At the
time of bounce, we have that its relative contribution is
of the order λ/A4 which must be much less than 1. From
a similar analysis to other terms, we see that A  1 is
a sufficient condition, if we assume the remaining coeffi-
cients such as λ to be of order 1. From our calculation of
H1 we have that τ ∼ AMP /M2 but given that M MP
and A  1 we are sure that this condition is satisfied.
From a¨B we have τ ∼ A 34MP /(M3ρ0) 18 which satisfies
the conditions required as ρ
1
4
0  M . Finally, we have
that the correction due to B 6= 0 will be negligible when
A 1.
It is interesting to note that, if we include all terms of
the form ρ
3n
4 /M3n in the perfect fluid EFT, then equa-
tion (7) becomes
3M2P
(
a˙
a
)2
= ρ− f
(
ρ
3
4 /M3
) ρ 64
M2
(8)
where f (x) is a Taylor expandable even function in x (it
is even because we can only have even powers of Jµ in
the EFT for matter only). This is a more general solu-
tion than equation (7), where only the first term in the
Taylor expansion is kept. The behaviour of the solution
is very similar however, with a point where a˙ = 0 when
4f
(
ρ
3
4 /M3
)
ρ
1
2M2 = 1, which is a bounce for appropri-
ately chosen f (x), i.e. such that a¨ > 0 at this point. We
see that the requirement that A  1 implies that the
leading term in the Taylor expansion of f(x) dominates.
Case B 6= 0: the equation of motion is now given by
3M2P
(
a˙
a
)2
= ρ−B ρ
3
2
M4
(
a˙
a
)2
(9)
and plot of the solution for B > 0 is shown in figure 1,
while for B < 0 no interesting new dynamics is found.
At late times this solution approaches the classical FRW
solution, but at early times the terms that dominate the
equation of motion (9) are the ones on the right hand
side, which means that a(t) ≈ −(B2ρ0/M8) 14 (t− t0)−1
at early times, for a constant t0. At the time when a¨ = 0,
the Universe has a size a1 = (2Bρ
6
4
0 /3M
2
PM
4)
1
6 , and
Hubble constant H1 = (
√
2M4/9BMP )
1
3 Note that in
order for the EFT still to be valid at this time, we re-
quire that ρ/M4  1. This means that B  (MP /M)2.
Indeed, looking at other terms in the EFT of the form
M4∇jJkRlM−(j+2l+3k), one finds that all these terms
are suppressed at this time if B satisfies this condition.
At late times the solution is clearly the same as the
FRW solution, so the only condition left to check is
that the solution has a timescale smaller than the cut-
off M . The timescale τ1 at the time when a¨ = 0 is
τ1 ∼ (BMP /M4) 13  MP /M2  1/M provided that
B  (MP /M)2. So we conclude that this condition is
necessary and sufficient for this solution to be valid at
the time when a¨ = 0.
Case C 6= 0: the equations of motion for this case are
well known - they correspond to (extensions of) the well
known Starobinsky model of “R2” inflation [44] and have
been extensivley studied in the literature. We won’t
study this term but we point out that, strictly speak-
ing, if one were to apply the rules of EFT, this correction
does not lead to accelerated expansion [43]; if we were to
substitute the classical FRW solution to find the pertur-
bative corrections to the equations of motion, the terms
multiplied by C cancel exactly. It is only through the
next order corrections that we can get accelerated ex-
pansion.
Nevertheless, this hasn’t stopped this model gaining
popular support, especially given the recent constraints
on the amplitude of tensor modes by the Planck exper-
iment [19] (although see also [45]). In the specific case
of f (R) models of gravity Ostrogradski’s instability can
be avoided due to the fact that there is only one sec-
ond derivative of the metric in R and local constraints
on the system arising from gauge invariance. This is not
the case of a general EFT however where have to include
other contractions of Riemann tensors as well as deriva-
tives of R; higher derivatives and other derivatives of the
metric crop up, and the constraints on the system are
not sufficient to prevent the instability (see [46] for more
on this).
In this paper we have built on the formalism proposed
in [31–38] to construct an effective theory of the Universe
under the assumption that we can describe the relevant
degrees as a perfect fluid. Given that the perfect fluid
assumption is at the heart of our current model of the
universe, and specifically for the dynamics of the scale
factor, we believe it is a conservative one.
We have found that, starting with a radiation fluid, the
resulting energy momentum tensor is not that of a radi-
ation fluid. More importantly, amongst our solutions,
we find accelerated expansion at early times. This is re-
markable because we have not explicitly added any field
to do the job for us - this behaviour arises naturally in the
most conservative model of the early universe, an FRW
space-time with radiation. It is the (expected) correc-
tions that arise in EFT that lead us to these solution,
i.e. there is no new physics invoked. To be more specific,
the interesting regimes correspond to taking either A or
B as non-zero - the dynamics for each of these cases is
illustrated in Figure 1.
In both cases we have found that we are, strictly, break-
ing the rules of EFT. In case A we have found that
A  1, where we would ideally have A ∼ 1. In case
B, the situation is much worse: to have effect, we need
B  (MP /M)2, which is well beyond what is accept-
able. Nevertheless, this may not be a show stopper as
can be seen in the case of Higgs inflation [47] or R2 in-
flation [44]; these theories suffer from the same problem
yet they continue to be considered seriously in a number
of studies.
In case A we found a smooth bounce occurring well
within the regime of validity of the EFT, Consistent
bounce solutions are rare and far between and can be
incredibly useful in understanding the origin and evolu-
tion of perturbations arising in a pre-Big Bang era [48].
In case B we found a bona-fide inflating solution- inter-
estingly enough this arises in the context of a minimal
extension to the standard model, along the lines of [44].
For both of these cases, and given that we have laid out
the complete framework for how to build the EFT for our
Universe, the next obvious step is to work out the origin
and evolution of perturbations. This is of particular rel-
evance for the bouncing model where there is a dearth
of consistent models but, more importantly, these calcu-
lations can then be compared to the hugely successful
calculations arising in the (by now) standard formalism
for the EFT of inflation as promoted in [7, 8].
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